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Modeling of Rotational Nonequilibrium in
Post-Normal Shock Flow Analyses
Jae Gang Kim∗ and Iain D. Boyd†
University of Michigan, Ann Arbor, MI 48109, USA
Recent modeling of thermal nonequilibrium processes in simple molecules like hydrogen
and nitrogen has indicated that rotational nonequilibrium becomes as important as vibra-
tional nonequilibrium at high temperature. In this study, to analyze rotational nonequi-
librium, the rotational mode is separated from the translational-rotational mode that is
usually considered in two-temperature models. Then, the translational, rotational, and
electron-electronic-vibrational modes are considered separately in describing the thermo-
chemical nonequilibrium behind a strong normal shock wave. The energy transfer for
each energy mode is described by recently evaluated relaxation time parameters includ-
ing rotation-to-vibration energy transitions and state-to-state kinetics. One-dimensional
post-normal shock flow equations are constructed with these thermochemical models, and
post-normal shock flow calculations are performed for the conditions of existing shock-
tube experiments and various re-entry points. In analyzing the shock-tube experiments,
it is shown that the present thermochemcial model is able to describe the rotational and
electron-electronic-vibrational relaxation processes behind a strong shock wave.
Nomenclature
τ Relaxation time, sec
ẽ Average energy per particle, erg
D Dissociation energy of N2, erg
E Energy, erg/g
e Energy per particle, erg
h Total enthalpy, erg/g
hf Species formation energy, erg/mol
k Boltzmann constant, erg/K
K(i, j),K(i, c) State-to-state transition rates for bound-bound and -free transitions, cm3sec−1
Kf ,Kr Forward and backward reaction rate coefficient, respectively, cm
3sec−1 or cm6sec−1
Kp(i, c) Predissociation rates, sec
−1
m Species mass, g
n Number density, cm−3
Na Avogadro number, mol
−1
p Pressure, dyne/cm2
Q,Qt Internal and translational partition functions
T, Tr, Tev Translational, rotational, and electron-electronic-vibrational temperatures, respectively, K
u Velocity, cm/sec
x Distance from shock front, cm
Subscripts
e Electron species
h Heavy particle species
m Molecular species
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r, ev Rotational and electron-electronic-vibrational modes, respectively
Symbols
γ Rovibrational or species concentration, mol/g
ρ Density, g/cm3
I. Introduction
The energy modes contained in atoms or molecules are usually characterized by a temperature. In athermochemical nonequilibrium gas mixture, the temperatures, which characterize these different modes
of energy, may be different from each other. Two-temperature and multi-temperature models1 are widely used
approaches for characterizing these different energy modes. In the two-temperature model, one approximates
this situation with two main assumptions. First, one assumes that there are only two different temperatures.
The rotational temperature of molecules is assumed to be the same as the translational temperature of heavy
particles. Vibrational temperatures of all molecules are assumed to be the same as the electron temperature
and the electronic temperature. Second, the forward and reverse rate coefficients for the chemical reactions
involving molecules are assumed to be a function of a geometrically averaged temperature evaluated using the
translational and vibrational temperatures. In the multi-temperature approach, unlike the two-temperature
model, the vibrational temperature is considered as a species dependent characteristic temperature. The
electron and electronic temperatures are treated separately from the vibrational temperature. Computational
fluid dynamic results obtained from these two- and multi-temperature models show fairly good agreement
with experiments at reentry speeds below 8km/sec. Recent flight experiments2 agree well with the predictions
calculated by these temperature models for this reentry speed range.
However, the two-temperature and multi-temperature models are not able to correctly predict the shock
stand-off distance for a sphere between Mach numbers of 10 to 15 in air. In the work of Furudate et al.,3 a
comparison of the measured and calculated shock stand-off distances was performed. The measurement was
made in a ballistic range in Tohoku University. The calculations were performed using the extended two-
temperature model in which the vibrational temperatures of O2, N2, and NO were considered different from
each other. In this work, it was shown that the two-temperature model tends to underestimate the shock
stand-off distance. This disagreement between the calculated and measured data shows the uncertainties
of two- and multi-temperature models and shows that the thermochemical nonequilibrium behind a strong
shock wave is not understood well.
One of the uncertainties in modeling high-enthalpy flow is the rotational nonequilibrium behind a strong
shock wave. The rotational nonequilibrium behind a strong shock wave were analyzed theoretically in H2
accounting for interactions with H, He, and H2 by Kim et al.
4, 5 and Kim and Boyd.6 The complete sets
of the state-to-state transition rates were calculated by a quasi-classical trajectory method using recently
calculated ab-initio potential energy surfaces. Analyses were performed using the master equation of post-
normal shock and expanding flows with the state-to-state transition rates. It was observed that rotational
relaxation at low temperature is faster than for the vibrational modes. However, at high temperatures above
10,000 K, the rotational and vibrational relaxation times are almost identical. In the analysis of post-normal
shock and nozzle expanding flows, the rotational mode of H2 exists in a state of nonequilibrium and the
calculated rotational temperatures are close to the vibration temperatures.
In N2, the spectrum of the radiation emitted in the flow behind a shock wave was measured and analyzed
by several researchers.7, 8 At the point of peak radiation intensity of the N2(2+) band, the spectrum was
analyzed in detail. From such analyses, it was found that the rotational temperature of N2 is not higher
than the vibrational temperature at the peak-intensity point. In a recent measurement using the Coherent
Anti-Stokes Raman Spectroscopy (CARS) method,9 the temperature of the electronic ground state of N2
was estimated from radiation emitted from the strong shock wave in a free-piston, double-diaphragm shock
tube. In this experiment, the estimated rotational temperature is also not higher than the vibrational
temperature. The effective collision number of the rotational mode of N2 is the order of 10. This effective
collision number of the rotational mode is much smaller than the vibrational mode. This suggests that the
rotational mode can be treated as being in equilibrium with the translational state. However, in the previous
shock-tube experiments, the measured rotational temperatures are close to the vibrational temperatures.
These rotational nonequilibrium processes of N2 were analyzed theoretically by Kim and Boyd
10 by full
master equation calculations. The complete sets of state-to-state transition rates of N2+N were adopted
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from the NASA database.11, 12 In this work, rotational nonequilibrium is clearly observed. Especially at
temperatures above 30,000K, the relaxation rate of the rotational mode is almost identical to that of the
vibrational mode.
In the present work, a thermochemical nonequilibrium model including rotational nonequilibrium is
proposed. In treating the rotational nonequilibrium, the rotational mode is separated from the translational-
rotational mode of the previous two-temperature model. The other energies, such as electron translation,
electronic excitation, and vibrational energies are treated as one, combined mode, the electron-electronic-
vibrational energy mode. Then, the translational, rotational, and electron-electronic-vibrational modes
are employed to describe the thermochemical nonequilibrium behind a strong normal shock wave. The
energy transfer for each energy mode is described by recently evaluated relaxation time parameters including
rotation-to-vibration energy transitions and state-to-state kinetics. One-dimensional post-normal shock flow
equations are constructed with these thermochemical models, and post-normal shock flow calculations are
performed for the existing shock-tube experiments and various re-entry conditions.
II. Thermochemical model including rotational nonequilibrium
A. 1-D flow equation
In this study, 22 electronic levels for the N atom, 15 levels for N+, 6 levels for N2, and 5 levels for N
+
2 are
taken into account. The rovibrational energies for each electronic state are calculated from the Dunham
expansion model. The spectral data for this model are obtained from the NIST database. However, the
rovibrational energies of ground state N2(X
1Σ+g ) are treated exactly.
11, 12 This results in 9,390 rovibrational
states, that include both truly bound and quasi-bound states. The post-normal shock flow field is described
by a one-dimensional flow assumption. Then the mass, momentum, and energy conservation equations in















































B. Chemical reaction model
The chemical reactions of heavy particle and electron impact dissociation(ωD1−ωD5), predissociation(ωD6),
electron impact ionization(ωEI), associative ionization(ωAI), charge exchange reaction(ωCE), and radiative
recombination(ωRR) for 5 species are considered in the present work. Except for the dissociation reaction
N2+N and the predissociation of N2, all chemical reactions are treated by Arrhenious-type rate coefficients.
The Arrhenious reaction rate is defined as
Kf (Tf ) = CT
n
f exp(−θ/kTf). (6)
The backward reaction rate is evaluated from the equilibrium constant:
Kb(Tb) = Kf(Tb)/Ke(Tb). (7)
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Table 1. Reaction rate coefficients












21 -1.60 113,200 ωD4
e− Tev Tev 1.225 -1.60 113,200 ωD5
N+N→N+2 +e− T T 4.47 1.5 67,500 ωAI
N++N2→N+2 +N T T 1.012 0.5 12,200 ωCE
N+e−→N++e−+e− Tev Tev 2.534 -3.82 168,600 ωEI
N++e−→ N+hν Tev Tev 1.5211 -0.48 ωRR
The reaction rate parameters C, n, and θ are obtained from Park’s work,13 and these parameters are tabu-
lated in Table 1. In the present work, rotational nonequilibrium is not considered in these Arrhenious-type
chemical reactions. This is because there does not exist a model to describe the rotational nonequilibrium
effect in these chemical reactions. However, in the dissociation of N2+N and the predissociation of N2,
the rotational and vibrational nonequilibrium effects are fully considered by coupling the system of master









































where index i is the rovibrational state of ground state N2. The state-to-state transition rates for bound-free
transitions K(i, c) and predissociation Kp(i, c) are obtained from the NASA database.
11, 12 Then, the species




















= ωEI + ωAI − ωRR. (14)
C. Internal Energy Exchange Models
In describing the thermochemical nonequilibrium of N, N2, N
+, N+2 , and e−, three pools of energy are
considered consisting of the translational, rotational, and electron-electronic-vibrational energies modes.
The energy transfer among these energy modes is calculated by Landau-Teller type equations. However,
the rotational and vibrational energy transfer for N2+N is calculated by coupling the full master equations.
Then, the rotational and electron-electronic-vibrational relaxations including the energy loss and gain due













k(Tr − Tev) (15)
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− ΨvDN2Na(ωD2 + ωD3 + ωD4 + ωD5)−DN2NaωD5 − INNaωEI .
In the present work, the electron-rotational energy transitions are described by the model proposed by
Nishida and Matsumoto,14 and the coefficient gr,s is set to a constant of 10.0 for neutral and charged








where the effective cross section σe,s for neutral species is obtained from a curve-fit value proposed by Gnoffo
et al.15 For charged species, the effective cross sections with the Debye cut-off approximation1 are adopted












In describing the rotation-to-vibration transitions, Park’s model16 is adopted with some modifications. In
Park’s model, the fractional contribution of the rotation-to-vibration energy transfer to the total energy
transfer is set to a constant of 0.4 and this value is derived from fRV = kT/(kT + 1.5kT ). In the present





where ξr,s and ξv,s are the numbers of degrees of freedom of the rotational and vibrational modes, respectively.
In the energy loss and gain due to chemical reactions, the normalized energy loss ratios, Ψr and Ψv, are set
to constants of 0.35 and 0.5, respectively. From the recent master equation studies6, 10 for H2 and N2, the
energy losses approach values of 0.35 and 0.5 for the rotational and vibrational modes, respectively. The
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N+N2 rotation, Kim and Boyd (2012)
N+N2 vibration, Kim and Boyd (2012)
N+N2 vibration, empirical
N2+N2 rotation, Park (2004)
N2+N2 rotation, Parker (1959)
N2+N2 vibration, Milikan-White (1963)





Figure 1. Comparisons of rotational and vibrational relaxations between N+N2 and N2+N2.
diffusion correction factor1 fD in vibration-to-translation transfer is defined as
fD =
∣∣∣∣Ts − TevTs − Tvs
∣∣∣∣s−1 , (20)
where s is an arbitrary parameter given as 3.5× exp(−5, 000/Ts) for N2 and N+2 . Ts and Tvs are the trans-
lational and electron-electronic vibrational temperatures immediately behind the shock wave. In Eqs. (15)
and (16), the unknown variable is the rovibrational concentration γi. Unfortunately, we cannot directly cal-
culate γi from the state-to-state kinetics, because of the lack of knowledge about the state-to-state transition
rates for N2+N2. In the present work, this rovibrational concentration γi is determined from the Boltzmann





In Fig. 1, the rotational and vibrational relaxation parameters for N+N2 and N2+N2 are compared. In
the rotational relaxations for N2+N2, the relaxation time τr was evaluated theoretically by Parker
17 using
the rigid-rotor assumption. This relaxation time is much faster than the relaxation time proposed by Park16
that was obtained from the existing state-to-state rotational transition rates using the expression by Rahn
and Palmer.18 In the present work, the relaxation time by Park is adopted to calculate the rotation-to-
translation energy transition for molecule-molecule collisions. The rotational relaxation time parameter by
Park is derived as pτr = 2.47× 10−14T 1.692atm− sec. For molecule-atom collisions, the rotational relaxation
time τr evaluated by the master equation calculations
10 for N2+N is adopted. In the vibrational relaxation
for N2+N2, the collision limited relaxation time
1 τc is added to the Millikan-White relaxation time
19 τMW
to account for the fact that the vibrational excitation rates can not exceed the elastic collision rates. This
















where nt and mr are the total number density of colliding particles and the average mass of the mixture,
respectively. In Eq. (23), σv
∗ varies from ∼ 10−16 to ∼ 10−18cm2. The widely used value is 3.0× 10−17cm2.
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Tr, Sharma and Gillespie (1991)
Tev, Sharma and Gillespie (1991)
Tr, AVCO RR 186 (1964)
X103
(a) Rotational and electron-electronic-vibrational tempera-
tures.
























Figure 2. Comparisons of the present rotational and electron-electronic-vibrational temperatures and species
mole-fractions with the shock-tube data by Sharma and Gillespie7 and AVCO.21
However, the vibrational relaxation time with the collision limiting cross section of 3.0× 10−17cm2 is much
faster than that of Park’s rotational relaxation model16 above 10,000 K. In the previous master equation
studies for H2
6 and N+N2,
10 it was observed that the vibrational and rotational relaxation times become
identical when the temperature increases. In the work by Kim and Boyd,10 the collision limiting cross
section σv was modified to a constant of 3.0 × 10−18cm2 to satisfy these relaxation patterns. This cross
section was determined through comparisons with the shock-tube data of the Millikan and White19 and
Appleton.20 In the present work, these Millikan-White relaxation parameters with the modified collision
limiting cross sections are adopted in describing the vibration-to-translation energy transitions for molecule-
molecule collisions. In vibration-to-translation energy transitions for molecule-atom collisions, the vibrational
relaxation time evaluated from the master equation calculations10 for N2+N is adopted.
III. Post-normal shock flow calculations
A one-dimensional post-normal shock flow code is developed by using the present thermochemical nonequi-
librium model including rotational nonequilibrium. The flow code is constructed in two parts; in the first
part, the downstream conditions are determined by using the Rankine-Hugoniot relations for a frozen flow. In
the second part, the thermochemical nonequilibrium flows are calculated by an implicit integration method.
In the present work, the post-normal shock flow analyses are carried out for existing shock-tube experiments
and various re-entry conditions by using this post-normal shock flow code.
In Fig. 2, comparisons of the computed rotational and electron-electronic vibrational temperatures and
species mole-fractions with the shock-tube experiments by Sharma and Gillespie7 and AVCO21 are presented.
In the 1-D post-normal shock calculations, the ambient pressure is set to 1.0 Torr and the shock velocity
is 6.2 km/sec. The free-stream temperature is 300 K. In this case, the total enthalpy of the free-stream is
about 20 MJ/kg and the density is 1.497× 10−6 g/cm3. In the present work, energy-equivalent rotational
and electron-electronic-vibrational temperatures are adopted to characterize the rotational and electron-
electronic-vibrational modes. In figure (a), in the present calculation, the translational temperature behind
the normal shock is about 24, 300 K and the rotational and electron-electronic-vibrational temperatures
agree well with the temperatures measured by Sharma and Gillespie. After converging to the equilibrium
temperature, where the distance is 0.3 cm, the present temperature is slightly underestimated compared to
the AVCO data. However, the present results show more reasonable results for the rotational and vibrational
nonequilibrium in the post-normal shock flows than the results of the two-temperature model. In the two-
temperature model, the translational-rotational temperature behind the shock is about 21, 000 K and the
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T, 2-T model, Fujita et al. (2002)
Tev, 2-T model, Fujita et al. (2002)
Tr, experiment, Fujita et al. (2002)
Tv, experiment, Fujita et al. (2002)
x103
(a) Rotational and electron-electronic-
vibrational temperatures.


















T, 2-T model, Fujita et al. (2002)
Tev, 2-T model, Fujita et al. (2002)
Tr, experiment, Fujita et al. (2002)
Tv, experiment, Fujita et al. (2002)
(b) Comparisons of the calculated tem-
peratures with measured data
























Figure 3. Comparisons of the present rotational and electron-electronic-vibrational temperatures and species
mole-fractions with the shock-tube data by Fujita et al.8
vibrational temperature is significantly higher than the measured vibrational temperature. In figure (b), it
is shown that the dissociation of N2 occurs rapidly from 0.1 cm to 0.3 cm in the present calculation. This is
because collision of N triggers the dissociation of N2 much more than the collision of N2. The mole fractions
of electrons and N+2 are increased by the associative ionization reactions of N+N, and then N
+
2 is slightly
decreases due to the charged exchange reaction.
In Fig. 3, the computed rotational and electron-electronic vibrational temperatures and species mole-
fractions are compared with the shock-tube experiments by Fujita et al.8 In the shock-tube experiments, air
radiation from behind strong shock waves was measured for the N2(2+) system using a free-piston double-
diaphragm shock tube. The spatial variation of radiation spectra was obtained using spatially resolved
imaging spectroscopy at a shock velocity of 11.9 km/sec in the ambient pressure at 0.3 Torr. A series of
point wise spectroscopy analysis was carried out in order to obtain a spatial profile of temperatures. In the
post-normal shock flow calculations, the freestream conditions are set to the shock-tube experimental condi-
tions. In figure (a), the rotational and electron-electronic vibrational temperatures of the present calculation
are almost identical until the distance of 0.5 cm. Beyond the distance of 0.5 cm, the rotational temperature
is slightly higher than the vibrational temperatures and it converges more rapidly to the equilibrium tem-
perature than the electron-electronic vibrational mode. This is because the rotational relaxation is slightly
faster than the vibrational relaxation in this temperature range. In comparison with the measured temper-
atures of figure (b), the present nonequilibrium temperatures are lower. However, the rates of increasing
temperature are similar to the measured temperatures. The measured rotational temperatures of N2 are sim-
ilar to the vibrational temperatures, and the present calculated rotational temperatures are also close to the
electron-electronic-vibrational temperatures. These results show that strong rotational nonequilibrium exists
behind the shock wave, and the present thermochemical model can capture this phenomenon. However, in
the two-temperature model, even though the calculated vibrational temperature is similar to the measured
temperature, the rotational temperature is totally different from the measured rotational temperature. In
the mole-factions of figure(c), it is found that the mole fraction of N atoms increases rapidly between the
distance of 0.5 cm and 1.0 cm. This means that the rotational and electron-electronic vibrational relaxations
occur mainly through N2+N collisions. The m ole fractions of N
+ and E- also rapidly increase between
0.5 cm to 1.0 cm through the associative ionization and charge exchange reactions.
In Fig. 4, comparisons of the computed rotational and electron-electronic vibrational temperatures and
species mole-fractions with the shock-tube experiments by Sakurai et al9 are presented. In the shock-tube
experiment, the CARS method was employed to measure the temperatures of the ground state from the
radiation behind the strong shock wave. ND:YAG and dye lasers were used in this method. When these
lasers excited the nitrogen molecules behind the shock wave, the CARS signal was collected by a spectrograph.
Then, the rotational and vibrational temperatures were estimated using a spectral matching method. In this
shock-tube experiment by CARS, the rotational and vibrational temperatures were measured at the shock
wave velocity of 7.6 km/sec and ambient pressure of 0.25 Torr. In the present work, the post-normal shock
flow calculations are performed for these conditions. In figure (a), the calculated rotational and electron-
electronic-vibrational temperatures rapidly increase behind the shock wave for this relatively high ambient
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Tr, Sakurai et al. (2011)
Tv, Sakurai et al. (2011)
(a) Rotational and electron-electronic-vibrational tempera-
tures.























(b) Species mole-fractions obtained with the present model.
Figure 4. Comparisons of the present rotational and electron-electronic-vibrational temperatures and species
mole-fractions with the shock-tube experiment by Sakurai et al.9
Table 2. Freestream conditions for 1-D post-normal shock calculations.
Case p∞(Torr) T∞(K) ρ∞(g/cm3) h∞(MJ/kg) u∞(km/sec) M∞
C1 1.30 274 2.10x10−6 8.79 4.0 10.86
C2 0.15 270 2.60x10−7 32.8 8.0 21.89
C3 0.10 300 1.497x10−7 50.8 10.0 25.96
pressure, and these temperatures converge to equilibrium at a distance of about 0.4 cm. In comparing with
the measured values, the rotational temperature is almost the same as the measured temperature. However,
the electron-electronic-vibrational temperature is larger than the measured value. However, these results
show that the present model can still capture the rotational nonequilibrium phenomena behind a strong
shock wave. In figure (b), the mole fractions of the various chemical species are presented. The result
shows that the relaxations of the rotational and electron-electronic-vibrational modes are mainly generated
by N2+N2 collisions.
In Table 2, initial conditions of several post-normal shock flows are tabulated. The free-stream conditions
of cases C1 to C3 are constructed to be similar to the high-speed return conditions at altitudes from 45.5 km
to 63.0 km of the Earth. In the present work, the simplification of nitrogen mixtures without oxygen and
radiative heating is adopted to calculate the post-normal shock flows. While this is not an accurate re-entry
calculation, it is enough to observe the rotational nonequilibrium of N2 in each re-entry condition.
In Fig. 5, the temperatures and mole-fractions of the post-normal shock calculations are presented. In
the C1 case, the rotational temperature rapidly approaches the translational temperature. Hence, in the C1
case, the rotational mode can be treated as being in equilibrium with the translational energy. This is the
main concept of the two-temperature model. However, for the C2 and C3 cases, rotational and vibrational
nonequilibrium are clearly seen. In these cases, the rotational and electron-electronic-vibrational relaxations
are almost identical. In figure (b), it is observed that the heavy particle collisions by the dissociated N
significantly affect the rotational and electron-electronic-vibrational relaxations of N2 for the C2 and C3
cases.
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(a) Rotational and electron-electronic-vibrational tempera-
tures.






























Figure 5. Post-normal shock flow calculations for various re-entry conditions.
IV. Conclusions
In order to model rotational nonequilibrium, the rotational mode is separated from the translational-
rotational modes of the widely-used two-temperature model. Then, the translational, rotational, and
electron-electronic-vibrational modes are considered, and each energy mode is represented by a unique
nonequilibrium temperatures. The energy transfers among the energy modes are described by recently
evaluated relaxation time parameters including rotation-to-vibration energy transitions. For N2+N colli-
sions, the internal energy transfer is treated using state-to-state kinetic methods by coupling the system
of master equations. One-dimensional flow equations are constructed with these present thermochemical
models, and post-normal shock flow calculations are performed for several existing shock-tube experiments
and various re-entry conditions. In comparing with measured rotational and vibrational temperatures, it is
shown that the calculated rotational and electron-electronic-vibrational temperatures closely agree with the
measured temperatures, and the present thermochemical model is able to capture the rotational nonequilib-
rium phenomena behind a strong shock wave. In the post-normal shock flow calculation for various re-entry
conditions, the present thermochemical model can describe both weak and strong rotational nonequilibrium,
and illustrates the possibility of rotational nonequilibrium in high-speed re-entry missions.
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